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Week 1
Topics: Complex number
Page no (7-40)
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oA — Jpp = Hyp X Sin = rsinf

r is the modulus ¢ Adj = Hyp X Cos@ = rcosf

© is the argument of the nu Q
= rcosO + irsinf

z = r(cos6 + isin0) 1F




Argument for z,

fian 1 <\/—1§>

z, = r(cosf + isinf)
s

n . .
Z1 =2 (cos§ + lsm§
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COMPLEX ANALYSIS

Complex Number: A complex number is defined by = =X T4 | the symbol ‘z’ is called a

complex variable where X, y are real and 7 = J—1 . X is the real part and y is the imaginary part

arg (z)=tan™ [ ‘

If = =X+1V then the modules of z is, |z| = \/x? + y2and argument of z s,

O Find the modules and argument of = =1—7
Modules of z, |z] = /X2 +y2 =124+ (=1)2 =42

1
arg(z)=tan™ [—-) =tan (—1) =—45° = 360" —45° =315°
Now, Argument of z, 1

1+i

(JFind the modules and argument of z = o

1+i (1+1) (1+0) (1+i)%2 1+2i—1 2i :
_—' e .:. —_— = — =1
1—-i (1-i) (1+0) 12—j2 1+1 2

Modules of z. z[=x*+37 =407 + 17 = J1=1

Given, z =

38



2+i
= 5_; » find modules and argument of z

241 _ (2+0) (2+40) _ (2+D)% _ 4a+2.2.i+i® _ 3+4i 3 s -
2—i (2—i) (2+1) 22—j2 4+1 5 5 5

Modulesof 7, |»=] = (g)z + (g)z = 9:;6 =unfT—= 1

gument, 8 = tan~* (%) = tan"* = tan™* (‘—;) = 53.13°

Given that, z =

Argument of |

Exercise: Find the modules and argument of the following:

X POLAR FORM OF A COMPLEX NUMBER

Writing a ¢ in polar form involves the following conversion formulas:

x —=rcos@
y=rsinf

r— a:2 +y2
Making a direct substitution, we have

z=zT+yi
z = (rcosB) + i(rsin )
z =r71(cos @ + isinb)

where 7 is the modulus and 6 is the argument. We often use the abbreviation r cis to represent r(cos € + ¢ sin 6).







Find the polar form of —4 + 4.
Solution

First, find the value of r.

Find the angle @ using the formula:

Thus, the solution is 4+/2 cis (%)

Week 2
Topics : Geometrical representations

Page no (40-44)

41



1. Circle

The circle is a conic section in which it is the locus of the point that is always equidistant from the center
of one point. If the plane cuts the conic section at right angles, i.e. B = 90° then we get a circle. The

image for the same is added below,

e The general equation of the circle is, (x — h)Z + (y-k)? = 2.
e (Coordinates of Focus: The circle’s focus is its center, (h,k)(h, k)(h,k).
e Directrix: Not applicable, as circles do not have directrices.

Circle
2. Ellipse

If the plane cuts the conic section at an angle less than 90° i.e. d < B < 90° then we get an ellipse. We
define the parabola as the locus of all the points that the sum of distance from two fixed points (focus) is

always contact. The image for the same is added below,

e Standard Equation:

o Horizontal Major Axis:
o Vertical Major Axis:

(z—h)
53

Examples: Describe geometrically the region of the following functions,

0] YARYAREY (i)  z+3+z-3=10

Solution: (i) Given that,

If, , then

42



Squaring both sides, we get,

which represents a circle of radius 4 and centre of (-5, 0)

(x+5) +y? =42

(i) Given that,

43



Squaring both sides we get,

Again squaring both sides, we get,

which represents an ellipse passing through the points and

Exercise: Describe geometrically the region of the following functions

44



Week 3

Topics: Entire function, analytic function,
Cauchy's Integral Formula

Page no (44-52)

Definition of Analytic Function:

A function f(z) is said to be analytic at a point z if z is an interior point of some region where f(z)
is analytic. Hence the concept of analytic function at a point implies that the function is analytic
in some circle with center at this point.

Definition of Entire Function

Entire Functions are related to the field of complex analysis, which is also called Integral
Function.
. Anentire function is a complex-valued function that is a complex differential in a

neighborhood of each point in a domain in a complex coordinate space, also known as

holomorphic on the whole complex plane.
. Every entire function can be represented as a power series.

Examples of Entire Function:
Polynomials and Exponential Functions are the entire functions as they are holomorphic on the
whole complex plane.

Cauchy's Integral Formula:

Let Is analytic inside and on the boundary of a simply connected closed curve C and IS

any point inside C. The

Where C is traversed in the positive sense.

Question: Evaluate Where C is the circle

45



=1=A(z-1)+B(z-2) 80 (1)

zg=7 z=1 A=1 B=-1

(z—l)(z—Z) =z—2_z—1

Slnﬂ'z +COS7TZ S]n?rz +COSTCZ Sin?’f22+COS7rZz
dz — dz NN 2
b e« ey = UG
f(z)=sinzz’+cosmz’ - ,— f{z)

m sinzz’ +cosmz’

: (=)

m sinz® +cosmz’

: (2-2)

dz = Zm'{sin:r (1)2 +cosm (1)2} =2ri(sinm + cosw ) = —27i

dz = 27ri{sin71: (2)2 +coST (2)2} =27i(sin4x +cos4m ) = 27i

dz =2mi+27i =4ri

m sinzz>+cosmz’

. (2-1)(z-2)

Solution: Here is an analytic function. So is analytic inside and on the circle

.Also : . The point lies inside the circle

Hence by Cauchy integral formula we have



f (z) =e" |Z‘ =3
22+1:zz—(—1):z —i2=(2+i)(z—i)
1 A B
= 1=4 )+B(z—i) ¥ W (1
(z+i)(z—i) z—i+z+1 = (Z+I)+ (Z 1) ()
4= p-_1
z=1 == 21 21
L _L{L_L}
24l 2 |z—i z+i
erz 1 et: 1 etz
z—dZ=—. —_dZ——_ ‘dZ M M (2)
22 +1 2% z—i 2i%(z+i)
1z 1z
me—_dz =2mix f (i) =2mie" @e—dz =2mix f(—i)=2mie”"
z—1i Cz 41

d j = 27isint

O Evaluate 1

t>0




Cauchy-Riemann conditions
Analytic functions:

analytic
entire function

Cauchy-Riemann conditions for differentiability

af s @ . M@

f'(z) =—= lim im

dz Az-0 Az Az—0 Az




Ju .0v ou . .0v Jdu .0v dv , .0u
df _ M@ _ (35 +i55) o +(ay+‘@)A3’_ - (5 +i50) 2 + (-G + i)
dz Az0 Az  Az-0 Ax + iAy "~ Az-0 Ax + iAy
du . .0v A A
b ﬁ+la(x+l3’)_au+_av g _Lfou ov
= A0 Ax + iAy “ox " 'ox ne = dy lc’)y )
More about Cauchy-Riemann conditions:
very strong
df 6u+ dv _ 0dv au ou N dv
dz _ox ‘ox _ay ‘ay aGy)  laGy)
auav+au6v 0=>Vu-V O=>VulVv=>u=c L
9% ayay_ u-Vv = u vou=c lv=oc

d
quivalent to 6_;* =0, so that f(z,z") only depends on z:

of o of 1 6 1 0

JOf 0y _0F1 of( 1\ _ o of
dy dz* ~ox2 ay 20

is everywhere continuous but not analytic.




Cauchy’s theorem

Cauchy’s integral theorem

Contour integral:

Jzzf(z)dz = L(u + iv)(dx + idy) = Jc(udx —vdy) +1i fc(vdx + udy)

Cauchy’s integral theorem: analytic

fﬁf(z)dz:O
fCV~ dl:ﬂ;Vwaic

f(de+de) Jf (a—Vy—a—V")

z)dz = jg (udx —vdy) + i f (vdx + udy)

v du du 617
== dxdy+lff == dxdy

'\\§ <

W o
/ ) é

J \

////////"/A




Cauchy-Goursat proof:

Corollary: analytic

Zy z

f(2)dz = F(z;) — F(z) = — f f@)dz

Z1

Contour deformation theorem:

through an analytic region

ubber bands”

1) Ca
(Let the co
2) Cauchy’s ir
et the contour sk
ircle.)



Cauchy’s integral formula

Cauchy’s integral formula:

analytic
_ 10 f@

fzo) = 2Tl ) Z — Zy &
Proof:

D [ @ @D
cZ— Z L, Z = 2o %~ %o 1,Z = 2o

0 g rpld :

/() dz = — f(2) dz = — f(zo—.;e)rielede (Letr

cZ—Z coZ~ %0 o ret

- 0)
= 2mif (o)

y use the contour
ion theorem.




Derivatives f™(z,) = o @ dz

2mi J (z — zg)"*?

Corollary:
Corollary:

Cauchy’s inequality:  "©"2*" IF@ljgjer < M,

|a,|r™ < M. (Thatis, a,, is bounded.)

n! z
Proof: f™(0) =n!a, = — —=dz = |ay| = —

Liouville’s theorem:

M
Proof: |a,| < ) letr — oo, then a, = 0forn > 0. f(z) = a,.

i=0

1damental theorem of algebra: P =) az' (2> 0,a, #0) ~ has n roots.

Then P(2) is
onstant. That i one root we can divide out.



Week 4

Topics: Harmonic and
Conjugate harmonic Page no
(53-58)

Harmonic Function: Harmonic functions occur regularly and play an essential role in maths and other
domains like physics and engineering. In , harmonic functions are called the solutions of the
Laplace equation. Every harmonic function is the real part of a holomorphic function in an associated domain.
In this article, you will learn the definition of harmonic function, along with some fundamental properties.

Before learning about harmonic functions, let’s recall the definition of the Laplace equation. An equation

having the second-order partial derivatives of the form.

+ e
Ox3 ox3 Ox2

everywhere on U. This is usually written a

V2f=0

Af=0

Question: Show that is a harmonic function and hence finds its

harmonic conjugate  if is analytic.

Solution: Given that

54
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ou 0 ; 2 2 2
So—=—x"=3xy" +3x -3y +1
= ay( xy ¥ +1)

=—6xy—6y=¢,(x,y).5ay B E (2)

O'u 0 .

..¥:§(3x2—3y2+6x):6x+6 i (3)
o’u 0

So—=—(-6xy—-6y)=—06x-6 K K 4
ayZ ay( xy y) X ( )

2%‘%;‘ —6x+6-6x—6=0 = Vu=0
(71 £
v 0 f(z)=u+iv
x=z,y=0 ¢ (2,0)=3z"+62 ¢,(2,0)=0

f'(z)=¢,(20)-i¢,(2,0)=32"+62

f(z) = 'f(3zz +6z)a’z =z'+32% +¢ +ic, ¢ Tic,

utiv=(x+iy) +3(x+iy) +¢ +ic,

u+iv=x +3x%y+3xi’y* +i’y’ +3(x2 +2xiy+1'2y2)+cl_

u+iv=x +3x"iy—3xy" —iy’ +3x" +6ixy—3)" + ¢, +ic

Utiv=x _3xy2+3x2—3y2+c]+i(3x2y—y3+ OX

Equating imaginary p:

Question: Show that is a harmonic function and hence finds its

harmonic conjugate  if is analytic.



u=3x"y+2x" —y’ -2y’

.'.%—%(3x2y+2x2 -y —2y2)

=6xy+4x=¢,(x,y),say LB (1)
ou 0 2 2 3 2
S—=—3x"y+2x -y -2y
y 6‘}’( )
=3x" -3y’ -4y =¢,(x,y).say (2)

2
.'.%:§(6w+4x):6y+4 R E - (3)
o'u 0

..ay—z=§(3x2—3y2—4y)=—6y—4 iR (4)

2 2
8—1’2‘+8—”2‘:6y+4-6x—4:0 —=Vu=0
ox° Oy

(7} i
x=z,y=0 ¢1(z,0):4z ¢'2(Z,O)=322

fr(z) =, (Z,O)—i¢2 (Z,O) =4z-i37°

f(z)= I (4z-i32° )z = 2% - i’ + ¢, +ic, ¢, i, At

u+iv=2(x+iy) —i(x+i) +¢ +ic,

jv=2(x" +2xiy+i*y*

Equating imaginary part from both sides we get



u=x +6xy—3xy’ -2y
v f(z):u+iv

u=x +6x"y-3x° -2y’

ou 0O
.’.a:a(f +6x°y—3xy° —2y3)

=3x2+12xy—3y2=¢1(x,y),say N N (1)

ou 0/ 4 2 2 3
S—=—|x"+6x"y-3xy -2y

=6x" —6xy—6y" =¢,(x,y),5ay B0 (2)

2

.'.%=aﬂ(3x2+12x_y—3y2)=6x+12y 0E (3)
X X
2

.'.Zy—tzg(@cl—6xy—6y2):—6x—12y EQ (4)

2 2
a—1:4—8—12{:6)c—i-12y—6)c—12y=0 =V
ox® Oy

c function.
Let be the harmonic conjugate of : is analytic.
Putting in (1) and (2), we get

By Milne’s method we have

So is a complex constant.



u+1’v=(1—21')(x+iy)3 +c +ic,

U+iv= (x3 +3x%1y +3xi°y° +i3y3)—2i(x3 +3x%iy + 3xi*y? +z’3y3)+c1 e
u+iv=x’+3x%y-3x° —iy’ = 2ix’ —6x%*y - 6xi’°y* = 2i*y’ + ¢ +ic,
u+iv=x" +3x%y-3xy* —iy’ = 2ix’ +6x°y +6i xy° -2y’ +¢, +ic,

u+iv=x’+6x"y-3x° -2y +¢ +1'(3xzy—2x3 -y +6x° +02)

v=3x"y-2x’ -y’ +6xy° +¢,

u=e"(xcosy—ysiny)

v f(z):u+iv
u=e"(xcosy—ysiny)

.‘.z—u:ai[e‘(xcosy—ysiny)]:ex(xcosy—ysiny)+e’cosy:¢,(x,y),say R (1)
x  Ox

.‘.?—ayu=%[e‘(xcosy—ysiny)]=e“(—xsiny—siny—ycosy)=¢2(x,y),say R (2)
o

=e"(xcosy—ysiny+2cosy) B U (3)

=e"(xcos y—ysin y)+e*cosy+e”cosy

2
.--%=e"(—XCOSJ’—COSy—Cosy+ysiny) B0 (4)
Y

Therefore,  satisfies Laplace equation, so  is a harmonic function.

Let be the harmonic conjugate of |, so that is analytic.



x=z,y=0 $(z0)=€(z:1-0)+e - 1=ze" +¢*  ¢,(2,0)=0
f'(z):qbl(Z,O)—iqbz(z,O):zeZ+ez
f(Z)ZJ.(ZGZ+€z)dZ=Z€Z—J.€de+€z=Z€z+Cl+fC‘2 ¢ +ic,

x-+HY

u+iv=(x+iy)e +c, t+ic,

u+iv=_x+iy)e " +¢ +ic,

u+iv={_(x+iy)e (cosy+isiny)+c +ic,
u+iv=e" (xcosy+ixsiny+i!’ycosy—ys;iny)+cl+z'c2
u+iv=e"(xcosy—ysiny)+ie*(xsiny+ycosy)

v=e"(xsiny+ycosy)+ec,

F&

e

|z‘ =3 (22 +1)2

btain by solving the equation

=722 +1=0 :‘»zz—(—l)=0 =277

Both poles are double poles and lie inside the circle C, since

Residue at is



tz
lim——|(z—1i S
== 11 dz |:( ) (z—i)z(z+i)2:|
(z+i)2><te’z—e“><2(z+i)
(z+1f)4

. {z+i)e" —2¢"

= lim

. t(i+i)e" —2e"

=lim ;
(z+1)

_2ite' =2¢"  2(il-1)e"

8 -8

. (iit—])e’f - —(t+i)e”

4 4

(i +i)’

(t+i)e" +(r—i)e”

iz
i dz | (z+i)

tz
me—dz =2mi [Sum of residue] = —27r1'|:

@ (22 + 1)2
_t(ei‘ + e’”)+i(e" —e”)}

4

=-27xi

[ 2tcost+ix2isint
=-2mi 2

{4tcosa!‘+4;i2 sint}

4

Question: Show thal

Solution: Here the circle . The poles of

= —m'(t COS? —sin t) =i (sint —1¢cos t)

>

where C is the circle

are obtain by solving the equation



=1<2  |-3]=3>2

z=1i

—hmd{ & }

=i dz | (z+3)

_hm(z+3)><(—ze 2)—e x1
— (z+3)
(i+3)(—ie)—e (1—31’—1)e

- (i+3) T 116119

_ 3ie  —3ie(4-3i)
8+6i 2(4+3i)(4-3i)
—12ie+9i%e

~ 2(16+9)
—12ie—9e

)

o

@(24-3)(2—1')2

:me{—lﬁe—%]
50

_ -12i*me—Yime

B 50

12-9)

d==2ri[residue at = = i|

mwe



Week 7
Topics: Laurent series
Page no (61-70)

Laurent expansion

(@)= Ya,(z-2), a -=

1§ f(z')dz
27 °¢ (2'-z,)"™

(n)
7)) 5o
a, = n!

3) Although a, has a general contour integral form, In most times we neec
straight forward complex algebra to find a,.




Laurent expansion: Examples

f(2)=—2

(z-1f

2 :[(z—l)+1]3:(z—1)3+3(z—1)2+3(z—1)+1: 1

3
ERU (7 1) (z-1) (z-1f z-1

1 1( 1 1 1( 1 1
f(z)=— =—.[—.——.)=—.( - — — j
Z2°+1 21\z—1 z+I 200 Z2—1 21+2—1




Branch points and branch cuts

Singularities 5
Poles f(z)= > a,(z-2)", ifa, =0 form<-n<0 and a_, #0,
a pole of order n
simple pole
essential singularity
Examples:

B 11 1) 1) 1 1 SN
22+1 (z-i)(z+i) 2i\z—i z+i) 2i| z+i 2i—(z+i)
R 70 (z+iY : .

=————+—|1+——+| —— | +---|hasasinglepoleat z=—i.

21 z+1 4 2i 2i

© ( 1\N,2n+l © _1\n
inz=2—( el 3 D ZL
t S (@2n+D't




2. f(2)=/z-D(z+1) Jr

f (i) = V/2i 0 l
f (-i) = —/2i for thefirstchoiceand f (i) =+/2i
 for thesecondchoice.




Inversion: R

1
w=—, or
z

1

ip _
T

0, 1) b—u

=1
PEg




e

(i) 1<|g<3 (i) |7<1

- 1 _ 1 . 1 __ e
j(z)_(z+4)(z+3) (z+ﬂ)(—l+3) (—3+J)(z+3) 2(z+1) 2(z+3)

&l

(i) I<|z|<3=1<|z| and |7|<3 :>i<1 and <1

g
/(2)
Il

l<|z|<3 :iand <1

2
1
f(z)zz(z+1)_2(z+3)
111

——X
z

6 1.2
3

X
2z 1+l

IS | (1 =z 2 72

6 18 54 162

We write in a manner so that the binomial expansion is valid for



1 1

flz)= - )

2(z+1) 2(z+3

2 3
:l(l—z+zz—23+N )—l 1-2+Z2 _Z 0w
2 6 3 9 27

1 1 1 1 I 13, 1 EI
— == | | e e e e R
2 6 2 18 2 54 2 162

1 4 13, 40

=———z+—z-——z+} K
3 9 27 81
z2 +1
M=oy
(i) l<|{<2  (ii) 0<l|z<l
z2 +1 2 +1 a b
- =1
S ey SR ey ey ey R
22+l:(z+1)(z—2)+a(z—2)+b(z+1)
2=0+a(-3)+0 :>a=_—2 5=040+3h =5
z=— 3 z=72

, - Y- R 77
B AC b pove sy oy ey

50 (1)

4

£ 1<|z|<3=1<|z| and |2|<2 :>i<1 and =<1
(i) Z

g

2/3 5/3

] =F
z 1+—] —2[1—5]
S 2




(i) 0<\Z|<12|Z|<1. Also |z|<1 :‘z|<2 - |§<1

2/3 5/3

f(z)_l(z+l)+_2[l_z]

2

2 13 z -
=1-—(1 ——|1-—=
3( +Z) 6[ 2]

5 z P 3
:l——(l—z+zz—23+M i )—— [[JE=mEERL = L
6 2
= ]_l_g g_i 4+ _%_i 2 %_i 22 +0 K
2 6 3 12 3 24 3 48
I 1 5 .

x(yz—zz)p+y2(z—x)q:z(xz—yz)

)c(yz—zz)p+y2 (z—x)q:z(xz—yz)

Integrating, we get



Lol
dx _ dy - dz - X v z

x(yz—zz) - y(zz—xz) - z(x2 —yz) Y-t oxtx -y 0

:>ldx+ldy+ldz=0
X y z

1dx+la§)+ldz
X y z

Inx+Iny+Inz=In¢
= lInxyz =Ing,
Lxz=¢ RBE(4)

X4y + 20 =¢(xyz) )




Inx+lny+lnz=Inc
= Inxyz =Ing,
axyz=¢ HEK (4)

. dy . dz xdx+ ydy —dz _ xdx+ydy—dz

x(y2 +z) - —y(x2 +z) - z(xz—yz) y Yy +xiz—yxt —yz—-xtz+ 3’z 0
= xdx+ydy—dz=0

2 2
£ 7 e
2 2
Cxi+y —z=c, 00 (5)

' =¢, 2'-2=¢, =2 +c,+2=0 B0 (6)

2xyz+x"+y' —2z+2=0

Question: Transform to parallel axes through the point (L-1) of the following eqzja)tion
1

17x* +18xy —7y* —16x —32y +18 =0

Solution: The given equation is 17X T18Xy—7y* ~16x-32y +18=0

Putting X=X"+1 and ¥ =Y —1 in the equation (1), we get
17 (X +1)* +18(x +1)(y' -1) - 7(y' —1)* -16 (X' +1)-32(y' 1) +18 =0



2 _o9_
Solution: The given equation is +4xy +5y° -22=0 (1)

By the theorem we have X =X'€0s0 —y'sin® gng y =x'sind +y'cosd \yhere 6 =45 is given.

Therefore

X = X'c0s45° — y'sin 45° = 15 (X' — y’) and y = X'sin45° + y'cos45° = > (X'+ y’)

Putting the value of X and Y in the equation (1), we get




S
S

), we obtain

- 4x* +2y* =1=0 which is the required transformed equation.




Find the value of  so that the following equation may represent pair of straight lines

Find the value of  so that the following equation may represen

LR 2 11wy 2 =
Solution: The given equation is ’ SRSy + A =0 @
Comparing (1) with the general equation second degree, we have

a=6h=b=_10g=1 =3 c1
2

Now the condition for a pair of straight line is A =abc+2fgh—af * —bg* —ch* =0



Thus the point of interse

Let O be the angle between the two lines, then we have

2 h—-ab 2 $-1x4 3
a+b 1+ 4 5

tan0 =

~0=tan"(})




Question:

ax? + 2hxy +by? +2gx+2fy+c=0

f*—g*=c(bf2-ag?)

will be equidistant from the origin if

Solution: Let the straight lines represented by the given equation be




fe—g‘=c(bf2-ag?)  (Proved)




Solution: The equation of the required plane is




Now eliminating & s € frc and (3) we obtain

X-2 y-2
7 1
2 6
= (x=2)(6-30)+(y-2)(10-42)+(z-1)(42-2)=0
= —24(x-2)-32(y-2)+40(z-1)=0
=3(x-2)+4(y-2)-5(z-1)=0




X+2y+3z

(k+1)x+ (k+2) y+(-k+

Since (2) is perpendicular to the plane X+3Y +62+8=0 e get

5(2k +1)+3(k +2)+ 6(—k +3) =0 =10k +5+3k+6—-6k +18=0 = 7k+29=0 .'.k=—2$

Substituting the value of K in (1), we obtain




Question: Find the angle between the lines whose direction ratios are 1,1, 2 and

3 _1’ =) :‘.:j::"g _1’ 4 :

Solution: Let I, m;, n, be the direction cosines of the first line and |,, m,, n, be those of the
second line. Then we have




of a cube. Prove that

in®a +5sin® B +sin®y +sin’ 5 O
4 3




The dire(;ti 0

a 0-a

The direction cosine of the diagonal BM are 3’
a

= _9 or
a 3

-0
a 3 '

The direction cosine of the diagonal CN are a—?O a—_.O , O—g or o il
a3 a3 a3l 33 <3
Let I,m,n be the direction cosines of the line which makes angles o, 3,y,d with the four

diagonals OP, AL,BM and CN respectively. Then




@
@
@
<

@
@
@
<.

@
@
@
<

or,sina +

sinou +sin” B +sin’y +sin*d =

Question: Prove that the straight lines whose direction cosines are given by the relations

al+bm-+cn=0 and fmn+gnl+him=0 are perpendicular if LI . =0 and parallel if
a b c




Proof of second part:

The two will be parallel if * =

l,

That is, the two roots of the equation (3) are equal, the condition for which is




ind also find its

~.A=abc+2fgh

Hence the given equation represents a parabola.

Now the equation (1) can be written as (2x—y)* =8x+6y—5 ()

or, (2x—y+1)? = (8+4%)x+(6-21)y+12 -5 ©)




Or, x+2y-2=0,

Solving the above two linear equations, we get the coordinates of the focus as (L‘é ?J

(v) Equation of the directrix is X =-A, i.e, a 2_y —__ 1 - o X+2y=0
5 5

(vi)Equation of the latus rectum is X = A, i.e, x+2y—1= L S X+2y-2=0
NiD )




ill be perpendicular if

_13
5

S

X+ Y + % )which can be written as

5

12 _:‘:::;.5( 2X+y+18 )

sl

_ 12 (2x+y+1§)
558, 5

Which is of the form Y? = 4AX (4)




u
-
S

Or, 2x+y+2=0

Solving the above two linear equations, we get the coordinates of the foot of the directrix as

33 16
25’ 25




The equation of the plane containing second line and S.D is

X-2 y-4 z2-5
2 4 5 =0, ie 7x+y-52+7=0 ()
1 -2 1

Now (1) and (2) together give equation of S.D




The equation of the pla'ne CO second line and S.D is

x+l y-3 z-4
2 K] -4 =0, ie, 14x-8y+z+34=0 (2)
3 6 §)

Now (1) and (2) together give equation of S.D




= (x=5)(12+5)—(y-7)(35+12) +(z+3)(4-28)=0
=17x—-85-47y+329-242-72=0
o 17x—-47y-247+172=0




Hence the given two

Exercise: Show that the lines 2x+3y +4z-5=0=3x+4y+5z-6 and
X+2y—-3z-3=0=2x-5y +3z +3are mutually perpendicular.




Exercise: Show that the lines x+y—-z-5=0=9x-5y+z and
6x —8y+4z-3=0=x+8y—6z+7are parallel.




= A

And Jo— B>+ = V(—4)2 4+ (=15)2 + 102 = v/341.
Vector addition. subtraction and scalar multiolication of vectors:

SUppOS@, A=41 — 3j 4F Z’\k, B =51+ 4-j — 57( and C = 21 — 4-] = 27( are three vectors.
Find the magnitude of A+ B+ C and (3B —50).

Then, A+ B + C = 41 — 3] + Zk+ 5i + 4f — S5k+ 21 — 4j — 2k= 111 — 3j — 5k



https://mathinsight.org/definition/magnitude_vector

AB
IAIIBI)

Solution: (vi): A+B=91+j—3k(A—B)=-i—-7j+7k
LHS=(A4+B).(A—B)=(91+j—3R(—-t—7j+7h=—-9—7—21=-37

Again |A] = V29 and |B| = V52 + 42 + (=5)2 = V66




Cross produ

= (bm — cl)i — (am — ch)j + (al — bh)k




Theorem: If A and I

2 2
|AX B| =|A| .|B|

Proof: We know that, If A and B are two vectors and 6 be the angle between them then

A.B = |A||B|cos 0
& AXB = |A||B|sin6
Squaring and Adding (i) & (i) we get,







t(3, -1, 1).

At the point (3, -1, 1), érad a0

Question: Suppose ¢ = 2xz — yz then find the Gradient of ¢ at the point (2, -1, 0).

grad ¢ = _>V‘tp= aax (2xz—yz) i+ aay (2xz—yz)j+ gZ(sz —y2)'k

=221-01+0—-z1j+2x.1-y. Dk
=2zi—zj+ Qx—y)k




e of P>at the point (2, 1, -3).

Curl: If = fi+ g function then the curl of Ais denoted by curl A
or ¥x Avand is defined as follows:

e s
[i)

curl Ao= P Fo= | 0 = —

a — ? — —
ay azl . (ay 0z (ax 0z
f g h

Question: If A= x2i — z%j + yZkthen find the Curl of At the point (1,0, 1).




o o, 8 a,
Agaln,ﬁ%p=(axl+ay]+azlg(xyz)

=% (y2) i+ ° (ey2) j+ 0 (xy2)k
ox ay 0z
=yzi+xzj+xyk
(V"(p)- P= (yzi+xzj+ xyAB. C I sz)




Solution: (s

2 [ a v 3
(x*yz) j+ (x°yz) k
0z

6(2)A+6
= x4yz) 1
0x Y dy

= 2xyz i +x%z j+x%y'k




(xyz) 1+ © (xyzd) J + ° (xyz2)'k
ox ay 0z

= yz2 1+ x22 j + 2xyzk
Therefore (P@) - o= (vz2 1 + x2% j + 2xyz - (X% — 2% — yZB = x2yz% — xz* — 2xy3z

. > - 0 . (i) . 0, A R
Again, S P sEl [Cor B gy /¥ 9,8 (%0 — 2% = y”R]




2

4 8 2y
= Bui+(, +)j+"% K

(1]

24 28 N 22 - A .
=3(2-0)i+(, +, —0-0)j+(, — 0%k = 6i+132] + Zk

Exercise:




e open set containing R, then

Example-1: Find the work done by the force field F (x,y,z)=(e*—y* J/+(cosy+x*)j ona

particle that travels once around the unit circle X +Y* =1 in the counterclockwise direction.




Solution:

The work W performed by the field is

b/ L
W=ri"_F-dr " .
. 4 4 4 L4
= J (&~ )ax+(cosy +x* )dy hooacor
: 4 4 4 4 4 7 v -
“fl| 2 oy L) AR
. - £ 4 £ 4 1 ¥ -
= 2 2 - . P
_Rj(3x+3y)dA - :::::( :’
S ) VR
R
2n 1 - v v 7 ¥ v - -
=3”(r2)rdrd6 - v 7w
00 - > -
= B M
=3L4J [6]" = -

. . . X ‘
Example-2: Use a line integral to find the area enclosed by the ellipse + /o 1

Solution: The ellipse, with counterclockwise orientation, can be represented parametrically by

x=acosO, y=hsino, 0<0<2n
If we denote this curve by C | then the area A enclosed by the ellipse is

A= ; j.cxdy—ydx

=1 T [ (-bsin® )(-asind )+ (acose )(bcosd )11do
2

0

s ; abzf (sin0 +cos?0 )do 4

2
: 1abf1de — ab
2

0

107



d h have continuous

s the outward unit normal on o,

Example: Use the Divergence Theorem to find the outward flux of the vector field

F(xy,2)=Xi+y*J+ 2k across the surface of the region that is enclosed by the circular

cylinder x2+y? =9 and the planes z=0 andz =2




1 by the hemisphere

Solution: Let o d G the region that it encloses. The

divergence of the vector field is

Therefore, the flux across o is




[[F-rids = [[[(3x +3y? +322 )av
G =3ﬁeﬂ(3p2)p23in¢dp do do

000

2n % a

=BIIIp4ﬁn¢dpd¢d9

000

—3”1 J sing do do
fﬂ

[sing d do
[-

3a5 zjz osd)]2 do

0
2n
0

Use the Divergence Theorem to find the flux of F across the surface ¢ with outward
orientation. T
1. F(xy.2)= zAmx ygkA, where O is the sphere X’ TY* +2° =&’

2. F (X’ Y, Z): (X_Z)' +(y—x) J+(Z_y)k , Where O s the surface of the cylindrical solid

bounded by X +¥° =@ z2=0 apndz=1,

B A ~ & 110
3. = (X’ Y, Z)_ Xi+y J+zk ; O s the surface of the solid bounded by the paraboloid

2=4-X"-Y* and the xy-plane.

4. F(xy.2)=xi+y j+7 K- o is the surface of the cylindrical solid bounded by

X2+y2:4, Zzo,andZ=3



tation, and

the xy-plane.

rclockwise looking down

positive orientation) by

Therefore,




jF-dr =j22 dx+3x dy +5y dz

= ZJE [0+ (6cost)(2cost )+ 0]jdt

2n

= IlZcosztdt
[0]
2n = 21
:GJ' (1+cos 2t )dt =6[t+ ol Zt—h —12n
0]

A A

ik

0 0 0

Again, curl F = =51 +2j+3k

oX oy oz
2z 3x 5y

Since o is oriented up and is expressed in the form z=g(xy)=4-x o y )
, it follows

”(curl F)-nAdS

_”(curl F)( o ]+kA)dA

:ﬂ(5| +2 j+3k)-(2XI +2y j+ If)dA
R

= [[(20x+4y+3) dA

2n 2

= jj(lOr c0SO + 4rsind +3)rdr do

00
2n r3 3 2

1
= ”10 cosO +4 3 sin@ +3 ) J| do

2

2t (80 32 )
= J'L cosO + sme +6Jde

[80 32 Fr

:|L3 sin@ — 3 cosO +60 u =127

112






